Abstract

Microarray technique measures gene expression levels under various con-
ditions, simultaneously. Microarray data are successfully analyzed by kernel
methods for a variety of applications. A major drawback of microarray is tech-
nically error prone. To gain accurate analysis, we propose a method which
produces a noise-tolerant kernel matrix. First of all, we devise a new distance
function for microarray data. The distance function is robust to noise, but not
metric. Although we need a kernel matrix to apply kernel methods, yet con-
struction of a kernel matrix from the non-metric distances is not an easy task.
Our algorithm for building a kernel matrix is based on a maximum-entropy
method using constraints derived from the distances. Promising results are
shown in classification and network inference.

kernel methods, microarray data, partial distance, maximum entropy method, net-
work inference
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1 Introduction

Microarray technique (e.g. [15]) has been proving immensely valuable to cell biol-
ogists, scientists and drug researchers, by being able to track tens of thousands of
molecular reactions in parallel. Microarray technology aims at assessing the tran-
script abundances (measured in terms of fluorescence intensity) of thousands of genes
in response to different experimental conditions or in different tissue samples.

Microarray data are usually given as a matrix; the row and column specify to
which gene and which cell (or experiment) a particular piece of data corresponds,
respectively. A matrix can be regarded as a set of feature vectors with fixed length.
The data representation is assumed in many statistical methods. For example, if
we identify the type of cells, each column vector of the matrix is a feature vector.
If we predict the biological function of genes, each row vector is a feature vector.
As a consequence, the representation of microarray data facilitates the use of well
established statistical techniques for a variety of analyses.

Among a number of statistical techniques, kernel methods have been proven to
be a class of the most prominent learning algorithms by lots of studies. Particu-
larly, support vector machines based on kernel methods are well-known and applied
to many classification problems (e.g. [4]). Additionally, kernel PCA [16], kernel
hierarchical clustering [18], SDP-SVM [14], and supervised network inference meth-
ods [10, 25] are also instances of kernel methods that offer analyses of microarray
data. Nowadays kernel methods are a primary tool for analysis of microarray data.

Kernels are necessary for kernel methods [21]. Basically, kernels are similarities
among feature vectors. For example, one can choose a kernel called linear kernel
that is the standard inner-product in input space. Alternatively, one can also choose
a kernel which is an inner-product among feature vectors after implicitly mapped



into a kernel Hilbert space. For example, RBF kernel and polynomial kernel [21]
are such kernels. Since kernels are core components for measuring similarities, the
choice of kernel is crucial to obtain accurate analysis.

A particular drawback of the microarray techniques is that running microarray
experiments can be technically rather error prone. Microarray devices may contain
dust and scratches, which may lead to the fails of spotting and hybridization process
for some spots that represent gene expression levels. Therefore the microarray data
frequently contain noisy values that may seriously disturb the subsequent statisti-
cal analysis. Nevertheless, most of analysis methods have been developed without
taking into account the serious influence of noise so far.

One particular approach for handling noisy data is to reduce noise (de-noise)
before data analysis. Typical de-noising methods are based on projection onto the
principal subspace [12, 20]. Namely, each feature vector is projected onto the prin-
cipal subspace which can be obtained by singular-value decomposition. For use of
kernel methods, the kernel values are computed from the projected feature vectors.
If the true distribution of data without noise were known, we could obtain the exact
principal subspace of the true distribution and hereby this approach would work
well. Typically, however, we know neither the true distribution nor the true princi-
pal subspace in advance. Hence we have to resort the contaminated data themselves
to obtain the principal subspace. Thereby the principal subspace can still be con-
taminated, and the resulting projections are not well-denoised frequently.

In this paper, we present a new approach for kernel construction for such noisy
microarray data. For reducing the influence of noise on microarray data, our ap-
proach defines a new distance function between feature vectors. Whereas the squared
Euclidean distance function is defined by the sum of squared differences for all di-
mensions, the new distance function is for a subset of dimensions, and the subset
are adaptively chosen. The new distance function tends to exclude noisy elements,
so it is robust to noise. Although we need a kernel matrix to apply kernel methods,
yet construction of a kernel matrix from the non-metric distances is not an easy
task. Our algorithm for building a kernel matrix is based on a maximum-entropy
method [11, 24]. The algorithm builds a kernel matrix by maximizing its entropy
subject to the constraints derived from the distances. Even if the distances are
non-metric, the algorithm works in a theoretically well-found framework.

In terms of kernel construction, there are similar attempts which embed exam-
ples into some vector space using distances. Presumably, the most popular attempts
are the multi-dimensional scaling [23] and the locally linear embedding [19]. These
two methods transfer the example data into a low dimensional Euclidean space (typ-
ically two-dimensional). Weinberger et al. [27] have presented a method for learning
a kernel matrix so that examples are mapped into a (typically low-dimensional) ker-
nel Hilbert space instead of a low dimensional Euclidean space. All of them have
been developed with a common purpose which is visualization. Therefore, all the
examples are projected into a common low-dimensional space even if they belong to
different classes. Mostly those projections are preferable for visualization but not
good for predictive purposes such as classification.

Besides our algorithm and the above mentioned methods, there are other meth-



ods based on distances. For classification, the k-nearest neighbor classifier is pre-
sumably the most well-known method based on distances. For clustering, the single-
linkage method is widely known. The benefit of our algorithm is that kernel matrices
are obtained. Our algorithm thereby provides a device to combine any method utiliz-
ing kernels with distances. Therefore the applications are not limited to classification
or clustering. For example, the kernel matrix obtained from our algorithm can selec-
tively be integrated with other types of data using SDP-SVM [14] or support kernel
machine [1]. Supervised network inference methods [10, 25] require kernel matrices
among nodes. Those kernel methods can work properly only when a supplied ker-
nel satisfies positive-definiteness. Thence transformation into valid and appropriate
kernel matrices is necessary for operation of those methods, and new kernels built
on direct distance data allow the range of applications to be expanded.

This paper is organized as follows: The next section recalls some basic prelim-
inaries for kernel methods. In section 3 we define the new distance function and
describe the algorithm to construct a kernel matrix from the distances. Section 4
and 5 show the experimental results on classification and network inference, respec-
tively. The last section concludes our paper.

2 Preliminaries

Kernel methods work by embedding the data into a kernel Hilbert space F. The
embedding is performed implicitly, by defining the inner product between each pair
of examples rather than by giving their actual values of vectors [21]. Given a set of
input examples x; € X, (i = 1,---,N) and an embedding space F, we consider
a mapping function ®(-) : X — F. Given two examples x;, x; € X, the function
k(-,-) giving the inner product between their images, say ®(x;) and ®(x;) in the
space F, is called a kernel function. A kernel matrix K € RV*Y is a symmetric
positive definite matrix of which elements are the values of the kernel function for
xy, - ,xy € X. Conversely, every symmetric positive definite matrix is a kernel
matrix.

In this paper we assume a transductive setting [9] where we are given both
labeled examples and test examples in advance in a learning stage. In a transductive
setting, we do not have to know the kernel function k(-,-) nor the implicitly defined
mapping function ®, nor the actual values of the images ®(x) € F, if we have
a kernel matrix. For example, the SVM score of j-th example can be written as
fi= Ele a;y;: K;; + b, where the first /(< N) examples are labeled by y; € {£1}.
a; and b are the parameters determined by the SVM learning algorithm [21]. Notice
that the scores are expressed by only kernel values and do not explicitly include
any actual vectors in F. For a given learning task, an important point is that of
choosing a kernel, which corresponds to choosing a kernel matrix.
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3 Method

Our method builds a kernel matrix from newly devised distances among examples.
After we define the distance function, we describe the algorithm for building the
kernel matrix.

3.1 Partial distance

Euclidean distance function is the most popular distance function among feature
vectors. The squared Euclidean distance function is defined by the sum of the
squared differences on each of the dimensions. For z,y € R?, the squared Euclidean
distance function is expressed as

d

Dga(z,y) = Z(ﬂfz - yi)2 (1)

i=1

Here we consider summation of the squared differences for a subset of elements:

> (@i =) (2)

€T

where 7 is an index set. If 7 is a full set of indices, i.e. Z = {1,--- ,d}, this distance
function is equivalent to the standard squared Euclidean distance function.

How should we choose the subset of indices Z7 Consider the case where a part
of elements are contaminated. Those elements should be excluded from the index
set Z. As described later, we need the values of the distance function for only the
pairs such that an example in each pair is near to the partner. Hence the distances
for such pairs should be small. From that consideration, we devise the new distance
function which incorporates the d,, smallest element-wise differences and ignores the
(d — d,) remaining differences, where d, is chosen manually in advance. The new
distance function is defined by

Dy(m,y)=_ min Y (x;— )", (3)

st |7 = dp

where |Z| denotes the cardinality of Z. We refer the distance function defined in
Eq. (3) to the partial distance function. The dimensions including noise in one-side
or both-sides are likely to be outliers. This distance function can effectively exclude
the dimensions being outliers by selecting d;, dimensions which are of the minimum
differences.

Similar distance functions are also used in motion estimation in video coding [3].
In their method, the differences for a fixed subset of pixels are summed up for com-
puting distances among blocks. It is for speedup, not for ignoring noise. Therefore
their purpose is quietly different from ours, whereas their definition is similar.

The relation between Dgq(-, ) and D,(+,-) resembles the relation between the
cost function of Hartley and Schaffalitzky [8] and the cost function of Ke and
Kande [13] in the field of computer vision. The squared Euclidean distance function
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Dyia(x, y) is the squared Lo-norm of the vector (x—y). Hartley and Schaffalitzky [§]
use L,.-norm instead of Lo-norm for the cost function of geometric reconstruction.
The reason for replacement of Ls-norm with L.,-norm is for facilitation of numer-
ical optimization. However, as is also pointed out in [8], L.,-norm is sensitive to
outliers. Ke and Kanade [13] propose the point-wise d,-th smallest projection error
as the cost function. Their cost function is robust to outliers, yet optimization of
the cost function is still efficient. In our case, the distance function is not directly
used as the objective function for any optimization problems. Therefore we do not
need to replace Lo-norm with L,-norm. Hence we have devised the distance func-
tion in Eq. (3) which is more naturally derived from the squared Euclidean distance
function.

For analysis of microarray data using kernel methods, we need a kernel matrix.
We consider building the kernel matrix from the partial distances. RBF kernel is
a well-known kernel which is computed from distances among examples. Given a
distance between x and y, say D(x,y), RBF kernel is defined by

)

202

where o is a constant parameter. Usually the squared Euclidean distance function
is used for D(-,-). Generally, the RBF kernel is valid if and only if D(-,-) is negative
definite [21]. The squared Euclidean distance function Dgyq(+, ) is negative definite,
but the partial distance function D,(-,-) is not. Hence we have to employ another
approach to convert the partial distances to a kernel matrix.

3.2 Kernel Construction

We here describe an algorithm for construction of a kernel matrix from the partial
distances. The algorithm is based on the maximum entropy method [11, 24] which
allows use of non-metric distances for kernel methods by producing a kernel matrix.

Speaking again, kernels must be the inner-product on a kernel Hilbert space. We
wish to obtain a kernel matrix in which the points in the kernel Hilbert spaces F
keeping the partial distances among those points. Denote the examples by x; €
X (i =1,---,N) and the mapping function by ® : X — F. We then give the
following constraints to the images:

10(2:) — (2;)I* < eDp(s, ) (4)

where c is a constant parameter. Those constraints are given not to all the pairs
between examples, but to the pairs each of which has a small partial distance.
For determine such pairs, we couple each example with k& nearest neighbors in our
simulations. Denote the set of index pairs to be given the constraints by J =
{(ig, jr) }2L,. As described in the previous section, kernel methods work on a kernel
matrix with elements K;; = ®(x;)  ®(x;). Using the elements of a kernel matrix,
the squared Euclidean distance between ®(x;) and ®(x;) is described as || ®(x;) —
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®(x;)||? = Ki + K;; — K;j — Kj;. For the sake of simple notation, we define Uy, (k =
1,--, M) by

Uy = Eii, + Ej i — Eijr — Ejin — Do, 5,) 1

kJk klk
where E;; denotes a matrix in which (¢,j) element is one and all the others are
zero. For any kernel matrix K such that tr K = 1, the distance constraints can
be rewritten as tr(UyK) < 0 for k = 1,--- , M. Under the constraints, we wish
to construct a kernel matrix with least irrelevant information. Such a kernel ma-
trix K € RY*N is obtained by maximization of the von Neumann entropy [17]
defined by — tr (K log K) , where log takes the matrix logarithm.

If given partial distances actually violate the triangle inequalities, the optimiza-
tion problem may become infeasible. For keeping the optimization problem feasible,

we relax the problem like soft-margin support vector machine as follows:

min  tr (K log K) + A||€]|1,
subj. to tI‘(UkK)ka, k?zl, ,M, 5
£E>0, trK =1, (5)

wrt. K, &=[&,- - 7§M]T7

where ) is constant. Since the entropy function is convex, the optimization function
is convex. Inasmuch as all the constraints are linear, the feasible region is a convex
set. Consequently, the optimization problem does not have any local minima, and
we can always attain to the optimal solution.

When determining the constant parameter ¢, we should take account of the
constraint: the trace of K must be one. Due to that constraint, the average of
squared norms ||®(x;)||> becomes 1/N. Hence a suitable heuristic is to set ¢ oc 1/N.
In our simulations, we set that constant parameter by ¢ = m, where Dy, is
the average of the partial distances between the pairs with the constraints: D,,, =

M
ﬁ Zk:l Dp(wikv :Bjk)'

Optimization algorithm There is a steepest descent algorithm for a general
problem with this type of the objective function and linear constraints [24]. We
employ that algorithm for solving our optimization problem. Here we describe it
briefly as the following. The algorithm solves the dual problem instead of the primal
problem given in Eq. (5). The dual problem is described by:

max J(a) = —logtr (exp (—Uar)).
subj. to 0 < a < A1, (6)
]T

wrt. a=|a, -, an],

where a are a dual variable vector, and the operator U performs Ua = 224:[]1 apUp.
1 denotes a column vector in which all elements are one. For optimization, the
steepest descent method is used. The derivatives of the dual function is given by

0J  tr(Upexp(—Ua))
Oay  tr(exp(—Ua)) (7)
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When the values of some dual variables violate the constraints in (6), they are forced
to be back into the feasible region. Since the optimization problem is convex, the
optimal solution can always be attained from any initial values. In our simulations,
we put zero to the initial values of the dual variables. Once we get the dual optimal,
we can recover the primal optimal solution as follows:

_ exp(—Ua)
~tr(exp (—U))’ (8)

Let us discuss the time complexity of the optimization algorithm. U}, are sparse.
Denote the number of non-zeros in each matrix by N,,. If we use a special data
structure for sparse matrices (e.g. Harwell-Boeing sparse matrix storage format [5]),
addition S = —Ua € RV*N takes O(N,,M). Computation of matrix exponential of
S takes O(N?). The trace of the product between Uy and S’ = exp(S), say tr(U.S’),
requires the computational time O(N,,), because that trace can be rewritten as the
inner product of vectors with N, elements. Computing the trace of S’ also takes
O(N). The number of non-zeros of Uy is N 4 2. Hence, after obtaining S’, we need
O(N) for computation of the gradient Eq. (7) for each element in a dual vector.
Recovery of the kernel matrix takes O(NM + N® + N). If we assume M < N2, the
total computational time is therefore O(T}; N?) where the number of iterations is
T‘iter'

4 Simulations of Classification

In this section we experimentally compare our kernel with existing methods using a
classification problem. Typical conventional de-noising methods project each exam-
ple to the principal subspace. For experimental comparison, we actually implement
the de-noising method. The method obtains the principal subspace by singular value
decomposition (SVD) of the example matrix X = [@1, - - , x| and de-noises each of
example by projection onto the principal subspace. Then the kernel matrix among
the projections is computed. For getting the kernel matrix, we use the linear kernel
and the RBF kernel. We refer the linear kernel and the RBF-kernel of the de-noised
data to SVD-linear kernel and SVD-RBF kernel, respectively. The existing kernels
of the raw data are here called linear kernel and RBF kernel, simply. Our kernel
built using the partial distance function is referred to partial distance kernel (PD
kernel), and the kernel built using Dsq(+, ) to standard distance kernel (SD kernel).

It is widely recognized that an accurate diagnosis is important to the design
of an adequate treatment protocol and ultimately to the survival of the patient.
We here carry out the simulations for diagnosis of cell types in order to examine
the performance of PD kernel. In the simulations, we use the microarray dataset
containing close but two different cell types called AML and ALL [6]. To collect
this dataset, bone marrow or blood samples were taken from 72 patients including
47 with acute myeloid leukemia (AML) and 25 with acute lymphoblastic leukemia
(ALL). Here the task is here to classify each cell to one of the two classes, AML
and ALL. We extract 100 genes from the dataset by the software RankGene [22].
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Figure 1: Accuracies for classification.

To create noisy data, we added the Gaussian noise with standard deviation two
to various percentages of the data. Then we compute the partial distances, find
five nearest neighbors for each cell, and give the distance constraints to those pairs
to build the kernel matrix. Independently we pick 23 AML cells and 12 ALL cells
randomly and give them class labels. Then the classification is done for 37 unlabeled
cells using SVM with the regularization parameter C' = 1. We repeated this 100
times and compute each of accuracy. For reducing the influence of the choice of
random noise, we furthermore repeated the overall procedure ten times and take
the average of the 1,000 accuracies.

In all the experiments, the constant parameters of PD kernel are set as d, =
|d/2] = 50, X = 100. For the existing kernels, we varied the dimension of the
principal subspace with dp., = 1,2,3,4,5,7,10,20,---,100. The parameter of RBF
kernel is tested with o = 10°%, 10, 10%%, 102, 10%?, 103. We report the accuracies on
the parameter set yielding the maximum accuracy in each noise ratio.

The experimental results are depicted in Figure 1. For the noise ratio between
20% and 90%, PD kernel achieves significant improvement. Compared the kernels
using SVD with the kernels with raw data, SVD improves the accuracies. However
the performances do not amount to the accuracy of PD kernel. At no noise ratio
the existing kernels are slightly superior to PD kernel, but the differences are com-
parative. Remarkably the classification performances of PD kernel are almost kept
until 70% noise ratio. Accordingly the robustness of PD kernel is shown by the
classification experiments.



5 Simulations of Network Inference

In this section we examine the performance of PD kernel in the setting of network
inference. A goal of molecular biology is to understand the underlying mechanism
of cellular processes. For extraction of meaningful insights about these processes,
networks of proteins are handy and useful, wherefore inference of the network is a
central issue of computational biology [10, 25, 28, 19]. Although several methods
have been developed in different assumptions [10, 25], we employ the most basic
method for network inference. The method is to compute the kernel matrix among
nodes and then pick up the elements higher than a threshold for estimating the
adjacency matrix of a network [28].

We test PD kernel on the protein interaction network related to carbohydrate
metabolism provided by von Mering et al. [26]. Each edge is rated with a confidence
level: high, middle, or low. We only used high confidence edges because they are
supported by multiple experiments. By removal of proteins without any edges, we
obtained a network of 49 proteins and 51 edges.

The kernel matrix is computed using microarray data. The microarray data con-
sist of 330 experiments collected from Stanford microarray database [2]. Notice that
a cell is an example of kernel methods in the simulations in the previous section,
whereas a gene corresponds to an example here. We report the results under the
assumption that the microarray data are noisy. The procedure for simulating con-
tamination is same as the previous section. Using the procedure we generate 50 noise
patterns artificially for a given noise ratio. We measure the prediction performance
using the ROC score [7]. The ROC score is the area under the receiver operating
characteristic (ROC) curve, which plots the ratio of true positives against the ratio of
false positives for different possible thresholds [7]. We report the average of 50 ROC
scores, each of which is obtained from the microarray data contaminated by one of
50 noise patterns. The constant parameters of PD kernel are set as d, = |d/2]| =
1330/2] = 165 and A = 100. We also test the existing kernels used in the previous
section. We determine the constant parameters of the existing kernels by the grid
search over the values: d,c. = 1,2,3,4,5,7,10,20, 30,60, 90,120, 150, 210, 270, 330,
o =107%%,10°,10%5 10, 10'®, 10%; the combination of values yielding the best ROC
score is chosen for each noise ratio.

The experimental results are shown in Figure 2. The PD kernel exhibits the
compelling robustness. Even in the case without artificial noise, the performance
of PD kernel is significantly superior to the existing kernels. For linear kernels, the
effect of de-noising by SVD is observed even in the case without artificial noise.
This implies that the original microarray data have already been contaminated by
seriously large noise. Consequently the results reveal that PD kernel is considerably
robust to noise in the network inference setting as well as classification setting.
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Figure 2: ROC scores for network inference.

6 Conclusion

We have presented a computational method to obtain a noise-tolerant kernel matrix
and shown the encouraging experimental results in the setting of classification and
network inference. Although our kernel is designed for the purpose of noisy microar-
ray data analysis, it can be applied directly for any vectorial data. Future work will
explore other applications of our kernel.
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